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Abstract 
In this short paper, we present a solution to Gutman’s problem on the characteristic 
polynomial of a bipartite graph (Research Problem 134, Discrete Math. 88 (1991)). 
In [2] I. Gutman proposed a research problem which is stated as follows. 
The matchings polynomial of a graph G is defined by 
cl(G,x) = c (- l)km(G,k)x”-2k, 
k=O 
where n is the number of vertices of G and m(G, k) is the number of k-matchings in G. 
By convention, m(G,O) = 1. Define 
cc(G, x, y) = 1 (- l)km(G, k)x”-2kyk. 
k=O 
It is not difficult to determine that 
%G, x, Y) 
a’ = - WEE(G) c a(G - u - u,x,Y), (*I 
Let ~(G,x) denote the characteristic polynomial of G. If G is a bipartite graph, 
$(G,x) can be written as 
$(G,x) = c (- l)kb(G,k)~“-2k 
k=O 
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with b(G,k) 2 0. Define 
c$(G,x, y) = 1 (- l)kb(G,k)~“-2kyk. 
k=O 
Is there a formula for dd(G,x,y)/dy analogous to (*)? 
Recall that in the case of acyclic graphs, a(G,x) and ~(G,x) coincide. 
In this short paper, we will give a solution to the above problem. 
First, let us recall some terminology and notation. 
Definition (Biggs Cl]). A sesquiualent (or mutation, see [3]) graph is a simple graph 
each component of which is regular and has valency 1 or 2. In other words, the 
components are single edges and circuits. 
Let H be a graph. Denote by o(H) the number of components in H and by c(H) the 
number of circuits in H. In what follows, G is always a bipartite graph. Then, since 
G does not contain odd circuits, from [l] we know that the characteristic polynomial 
of G can be written as 
&G,x) = 1 u(G,~~)x~-~~, 
k=O 
where a(G,2k) can be expressed as 
a(G, 2k) = I(- 1)“(“‘2”‘“), (* *) 
in which the summation is over all sesquivalent subgraphs n of G which have 2k 
vertices. 
So we have that a(G, 2k) = (- l)kb(G, k) and 
LniZi 
c$(G,x,y) = c a(G,2k)x”-2kyk. 
k=O 
Thus, 
a4(G,xTy) = u1’2J ,@G 
8Y c 
3 2k)Xn-2kyk-’ 
k=O 
Denote by V(G) the set of all circuits in G. For C E g(G), 1 C( is the number of edges 
or vertices in C. 
Theorem. 
a$((% x> Y) 
dy = - uveE(G) c 4(G -u - GX,Y) 
-1 
ICI-2 
ICIYT 4(G - ~(C)>X,Y). (***I 
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Proof. We will prove this by comparing the coefficients of xn-2kyk- ’ on the two sides 
of equality (*x*). From (**) we know that a typical coefficient on the left-hand side of 
(***) is 
ka(G, 2k) = k c( - l)w’.4)2C(n), 
‘I 
where the summation is over all sesquivalent subgraphs A of G which have 2k vertices. 
While, a typical coefficient in the first summation on the right-hand side of (***) is 
1 a(G-u-u,2k-2) 
uceE,G, 
and a typical coefficient in the second summation on the right-hand side of (***) is 
1 ICl4G - v(Ch2k - ICI). 
CE% (G) 
Thus we know that the coefficient on the right-hand side of (***) is 
- U~~~G~u(G -U - a,2k - 2) - cE;c,lC14G - f’(CL2k - ICI) 
= _ c I(_ 1)w’)p’) _ 1 IClC(_ 1)ow)2C(A”), 
UVEE,G) /I’ CE% ,G, I” 
where A’ runs over all sesquivalent subgraphs of G - u - u which have 2k - 2 
vertices, and A” runs over all sesquivalent subgraphs of G - V(C) which have 
2k - I C ( vertices. Therefore, the coefficient can be written as 
-& “;,(- 1)~‘“‘-‘2’1”‘-~~~G,Ic/ 1 (- l)“(n)-12E(n)P1. 
‘, c in 
where in the first summation A runs over all sesquivalent subgraphs of G which have 
2k vertices and contain the single edge uu, and in the second summation A runs 
over all sesquivalent subgraphs of G which have 2k vertices and contain the circuit C. 
Since uu runs over all edges of G and C runs over the set %7(G), the coefficient can be 
written as 
1 (- l)W(“Q(“) + 1 1 !y (_ 1)‘0,n)2C,I) 
WEE(G) uv C/I CE’6 (G, c CA 
= C 1 (_ l)w,“)p) + C 1 $! (_ ,)w, 4)p1) 
A uvcn A cc/l 
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where A runs over all sesquivalent subgraphs of G which have 2k vertices. Since 
A contains 0(/l) - c(n) single edges and c(A) circuits, we have that 
k = o(A) - c(A) + 1 !$! 
Cc/t 
Finally, we get that the coefficient on the right-hand side of (***) is 
k c (_ 1)w(“)2c(“), 
A 
which is exactly the same as the coefficient on the left-hand side of (***) and thus the 
proof of equality (***) is complete. 0 
Remark 1. If G is an acyclic graph, then the equality (***) exactly coincides with the 
known equality (*), since the second summation on the right-hand side of (***) 
disappears. 
Remark 2. We can generalize the polynomial &G, x, y) of a bipartite graph to that of 
an arbitrary graph G in the following way. Let $(G,x) denote the characteristic 
polynomial of an arbitrary graph G. Then ~(G,x) can be written as (see [l] or [3]) 
~(G,x) = i a(G,k)x”-k, 
k=O 
where 
(- l)ka(G, k) = c(- 1)w(“)2c(“), 
in which ,4 runs over all sesquivalent subgraphs of G which have k vertices. 
Define 
@(G,x,y) = i a(G,k)x”-kyk’2. 
k=O 
Then, by a completely analogous method, we can obtain the same result as follows. 
@(Gx,Y) = _ ICI-2 
ay c 4(G - TV - U,X,Y) - c ICIY 2 d4G - ~(C),X,Y). uueE(G) CE'Z(G) 
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